Abstract-A class of exact solutions to the equations of motion of a second grade fluid is exhibited wherein the non-linearities which occur in the equations of motion are self-cancelling though individually nonvanishing. These flows are those in which the vorticity and the Laplacian of the vorticity remain constant along stream lines.
INTRODUCTION
THE NON-LINEARITIES which occur in the Navier-Stokes equations severely restrict the class for which exact solutions can be established. However, there exists a general class of flows wherein these non-linearities are self-cancelling though the individual terms are non-vanishing. The first such solution where the non-linearities are self-cancelling was exhibited by Taylor [l] in his investigations of the decay of a double array of vortices. Another such situation where a similar cancellation of the non-linearities occur is the steady flow behind a 2-dimensional grid which was studied by Kovasznay [2] . Wang [3] found a general class of flows where these non-linearities are self-cancelling and showed that the results of Taylor[l] and Kovasznay [2] belonged to that class.
For a certain class of non-Newtonian fluids, namely the homogenous incompressible Rivlin-Ericksen fluids of second grade (Coleman and No11 [4] ), it was shown by Gupta[5] that the higher order non-linearities which occur in the equations of motion are also self-cancelling for the specific problems studied by Taylor and Kovasznay mentioned above.
In this note, following Wang [3] , we exhibit exact solutions for a general class of flows of a homogenous incompressible second grade fluid. It is found that these exact solutions form a sub-class of the solutions exhibited by Wang [3] for the Navier-Stokes equation. It turns out that these exact solutions exist for plane flows where the vorticity and the Laplacian of the vorticity remain constant along stream lines.
Thus, it is found that the homogenous incompressible second grade fluid displays a truly remarkable property in that, in addition to sharing the same unique solution for the velocity field as the classical linearly viscous fluid for slow steady flows (Tanner [6] , Huilgol [7] , Fosdick and Rajagopal [8] ), it also admits exact solutions in the case of certain class of unsteady flows which are not necessarily slow. In fact, the second grade fluid shares yet another remarkable property in common with the classical linearly viscous fluid in that it is completely characterized by viscometric flows (Truesdell [9] ), which is not true for non-Newtonian fluids in general. It should, however, be noted that a thermodynamically compatible Rivlin-Ericksen fluid of grade three also shares the above property (Rajagopal[lO] ).
EQUATIONS OF MOTION
The Cauchy stress T in a homogenous incompressible Rivlin-Ericksen fluid of second grade is related to the fluid motion in the following form T = -pl + pAI + alAl + alA;, (2.1) where p is the coefficient of viscosity, al and (Y~ are the normal stress moduli and -pl denotes The constitutive assumption (2.1) can be considered to be the second order approximation to the response functional of a simple fluid in the sense of retardation (Coleman and Nol1 [4] ). On the other hand, since the constitutive mode1 is properly invariant it could be thought of as an exact model, as is done, for example in the case when a1 = a2 = 0, the classical linearly viscous theory. If this exact model represented by (2.1) is required to be compatible with thermodynamics in the sense that all arbitrary motions of the fluid satisfy the Clausius-Duhem inequality and the assumption that the specific Helmholtz free energy 4 of the fluid be a minimum when the fluid is locally at rest, i.e. [13] have also addressed themselves to questions regarding the validity of eqn (A). However, eqn (A) has not been employed in obtaining (2.6). It just happens that in plane flows the terms multiplied by (a, t a2) are self-cancelling. In this note, without restricting ourselves to either point of view we shall investigate the implications and the consequences of both these differing viewpoints.
We proceed to show that the class of problems which are solutions to the eqns (2.9)-(2.11) includes all the interesting examples considered by Wang [3] in the case of the Navier-Stokes equation. Our problem is different from Wang's in that in addition to the extra term A*& in eqn (2.11), we have an additional eqn (2.10) to be met. It so happens that the examples found by Wang [3] are such that (2.10) is met automatically since in all his examples f($) is a linear function of J&. We also consider an example where f(4) is not a linear function of $.
Analysis
We wish to construct solutions for physically meaningful problems wherein the stream function # satisfies (2.9H2.11). First, we shall consider the class of flows where II, = Re( T G exp (a,x) exp (AY) exp (At)), (2.13) where C,,, a, and Pn are complex constants and Re stands for the real part of the expression within the parenthesis.
The following interesting flows belong to the class of exact solutions represented by (2. The case m = n was studied by Gupta [4] for al f 0 and by Taylor tWe consider the form of the stream function co~es~nding to a steady problem. Similar results can be es~blis~d if the problem is not steady.
